Abstract. The circular motion of spinning massive test particles in the equatorial plane of a rotating black hole is investigated in the case in which the components of the spin tensor are allowed to vary along the orbit.
Introduction
The equations of motion for a spinning test particle in a given gravitational background were deduced by Mathisson and Papapetrou [1, 2] . Letting U be the timelike unit tangent vector of the "center of mass line" used to make the multipole reduction, these equations are DP
where P µ is the total four-momentum of the particle and S µν is a (antisymmetric) spin tensor, both fields defined only along the center of mass world line, for which τ U is a proper time parameter. These equations evolve P and S along this world line. By contracting both sides of Eq. (1.2) with U ν , one obtains the following expression for the total 4-momentum
where m = −U · P reduces to the ordinary mass in the case in which the particle is not spinning, and P s is a vector orthogonal to U . The assumption that the particle under consideration is a test particle means that both its mass as well as its spin must be small enough not to contribute significantly to the background metric. Moreover, in order to have a closed set of equations, the above equations of motion must be completed with supplementary conditions (SC), for which the standard choice is one of the following:
1. Corinaldesi-Papapetrou [3] conditions: S µν (e 0 ) ν = 0, where e 0 is the coordinate timelike direction given by the background, 2. Pirani [4] conditions: S µν U ν = 0, 3. Tulczyjew [5] conditions: S µν P ν = 0.
All of these are algebraic conditions on the spin tensor components. The Mathisson-Papapetrou model does not give a priori restrictions on the causal character of U and P and there is no agreement in the literature on how this point should be considered [6, 7] . When both U and P are timelike vectors like e 0 , each of the above SCs simply state that the spin tensor is purely spatial with respect to the associated direction in time, or equivalently that the spin vector defined by duality lies in the corresponding local rest space. Only solutions of the combined equations for which both U and P are timelike vectors are considered in the present paper in order to have a meaningful interpretation describing a spinning test particle with nonzero rest mass and physical momentum; furthermore, only the Pirani and Tulczyjew supplementary conditions are discussed, ignoring the unnatural CorinaldesiPapapetrou condition.
We study the behavior of nonzero rest mass spinning test particles moving along circular orbits in the Kerr spacetime in the case in which the components of the spin tensor are allowed to vary along the orbit, generalizing some previous work [8, 9] . Our present analysis makes use of the invariant spacetime Frenet-Serret frame approach, which is especially useful for the description of this family of orbits. The Frenet-Serret formalism reflects only the geometrical properties of spacetime and of the worldline, being defined in an invariant manner without reference to any particular coordinate system or observer. Iyer and Vishveshwara [10] have introduced the rather involved computational formulas necessary for explicit evaluation of the Frenet-Serret frame {E α }, α = 0, . . . , 3 and its associated curvature κ and torsions τ 1 , τ 2 [11, 12] for arbitrary constant speed circular orbits in general stationary axisymmetric spacetimes.
The problem is thus addressed within a more elegant framework with respect to the treatment developed in the companion paper [9] concerning the special case of a Schwarzschild black hole. As a consequence, even though details are naturally more involved, results are actually more meaningful, all quantities being expressed in terms of the Frenet-Serret curvature and torsions. The restriction to circular motion is a very strong limitation for the system. In fact, the effect of time varying spin on the acceleration of the test particle path will break the symmetry of that path unless the spin precession is very closely tied to the natural Frenet-Serret rotational properties of the path itself. We find that as in the nonrotating case, only the Pirani supplementary conditions permit such specialized solutions in the rotating case of a Kerr black hole since they allow the spin tensor to be described completely by a spatial vector with respect to U . Thus the spacetime rotation does not substantially change the features of the circular motion of spinning particles compared to the static case. Abandoning the restriction to circular motion leads in general to non-periodic motion, a feature that seems to characterize the general situation in the Schwarzschild [13] as well as Kerr [14, 15, 16] spacetimes.
In what follows indices either indicated by latin letters or explicit numbers refer to frame components.
Equations of motion in the Frenet-Serret formalism
The Frenet-Serret frame {E α }, α = 0, . . . , 3 (with dual frame {Ω α }) along a single timelike worldline with tangent 4-vector U = E 0 and parametrized by the proper time τ U is described by the following system of evolution equations [10] DE
The absolute value of the curvature κ is the magnitude of the acceleration a(U ) ≡ DU/dτ U = κE 1 , while the first and second torsions τ 1 and τ 2 are the components of the Frenet-Serret angular velocity vector
with which the spatial Frenet-Serret frame {E a } rotates with respect to a FermiWalker transported frame along U . In terms of ω (FS) , the evolution equations (2.1) for the spatial frame vectors can be written in the more compact form
where
ǫ ijk (ǫ 123 = 1) denoting the Levi-Civita alternating symbol. Consider first the spin evolution equations (1.2); their frame components are explicitly
The orthogonal decomposition (1.3) of the total 4-momentum P can be further refined by introducing a unit vector U s along its spatial part with respect to U
In terms of frame components, P a s = (DS/dτ U ) 0a and m s = U sa (DS/dτ U ) 0a . Consider now the momentum evolution equation (1.1). From Eqs. (2.6) and (2.1), its left hand side can be written
where Eq. (2.3) yields
The momentum equations of motion are therefore
where the spin-curvature force F (sc) is orthogonal to U . In the case in which U is a general circular orbit in a stationary axisymmetric spacetime the FS frame is known [10] , and the FS curvature and torsions are constant along U . Furthermore, in reflection-symmetric stationary axisymmetric spacetimes and for equatorial circular orbits the second torsion vanishes. The whole set of equations of motion (2.5) and (2.9) thus reduces to dS 12 dτ U = κS 02 ,
Once this system of equations is solved, the spatial momentum components P s may be expressed as
To solve this system we need the explicit components of the spin-curvature force F (sc) , which couples the background curvature to the components of the spin tensor.
Circular orbits in the Kerr spacetime
The Kerr metric in standard Boyer-Lindquist coordinates is given by
where ∆ = r 2 − 2M r + a 2 and Σ = r 2 + a 2 cos 2 θ; here a and M are the specific angular momentum and total mass of the spacetime solution. The event horizon and inner horizon are located at r ± = M ± √ M 2 − a 2 . Introduce the zero angular momentum observer (ZAMO) family of fiducial observers, with four-velocity 2) where N = (−g tt ) −1/2 and N φ = g tφ /g φφ are the lapse and shift functions respectively. The natural orthonormal frame adapted to the ZAMOs is given by
3)
The 4-velocity U of a particle uniformly rotating on circular orbits can be parametrized either by the (constant) angular velocity with respect to infinity ζ or equivalently by the (constant) linear velocity ν with respect to the ZAMOs
(3.5) We limit our analysis to the equatorial plane (θ = π/2) of the Kerr solution. Note that both θ = π/2 and r = r 0 are constants along any given circular orbit, and that the azimuthal coordinate along the orbit depends on the coordinate time t or proper time τ along that orbit according to
6) defining the corresponding coordinate and proper time orbital angular velocities ζ and Ω U . These determine the rotation of the spherical frame with respect to a nonrotating frame at infinity.
On the equatorial plane of the Kerr solution there exist many special circular orbits [17, 18, 19, 20] . The co-rotating (+) and counter-rotating (−) timelike circular geodesics are particularly interesting, with angular and linear velocities respectively given by
The corresponding timelike conditions |ν ± | < 1 identify the allowed regions for the radial coordinate where co/counter-rotating geodesics exist: r > r (geo)± , where
The "geodesic meeting point observers" defined in [19] have
It is convenient to introduce the Lie relative curvature of each orbit [19] 
as well as a natural Frenet-Serret frame along
11) The second torsion τ 2 is zero for equatorial plane circular orbits in the Kerr spacetime; moreover, the geodesic curvature κ and the first torsion τ 1 are simply related by
and ν (ext) ≡ ν (crit)− is the velocity of the "extremely accelerated observers" [19, 21] at which the first torsion vanishes. This is a critical value for the curvature κ as a function of ν which corresponds to an extreme value of the curvature. The corresponding 4-velocity is timelike in the regions r + < r < r (geo)+ and r > r (geo)− .
Solving the equations of motion: preliminary steps
Now specialize the entire set of evolution equations (2.10) to the case of a spinning test particle moving along circular orbits in the equatorial plane of a Kerr black hole. The only nonvanishing Frenet-Serret frame components of the Riemann tensor are
where the electric and magnetic parts of the Weyl tensor have been introduced. They are related to the ZAMO frame components (hatted indices) by
Eq. (4.1) implies that the components of the spin-curvature-coupling force are given by
Hence Eqs. (2.10) become
Once this system of constant coefficient linear differential equations is solved for m and the spin tensor components, one may then evaluate P . This system may be decoupled, leading to solutions which are either exponentials or sinusoidals or polynomial functions of the proper time. The elimination method for decoupling the equations is crucially different depending on whether κ = 0 (geodesic motion) or τ 1 = 0 (extremely accelerated motion, corresponding to extreme values of the curvature κ as a function of the velocity) or neither condition holds, and so must be considered separately. The projection of the spin tensor into the local rest space of U (i.e., the subspace of the tangent space orthogonal to U ) defines the spin vector by spatial duality
where η αβγδ = √ −gǫ αβγδ is the volume 4-form and ǫ αβγδ (ǫtrθφ = 1) is the Levi-Civita alternating symbol. Its Frenet-Serret frame components are
It is useful to introduce the spin scalar
In general s is not constant along the trajectory of a spinning particle. The requirement which is essential to the validity of the Mathisson-Papapetrou model and the test particle approach is that the characteristic length scale |s|/m associated with the particle's internal structure be small compared to the natural length scale M associated with the background field [22] . Hence the following condition must be assumed to hold: |s|/(mM ) ≪ 1. The Pirani conditions in the FS frame are simply
The Tulczyjew conditions are instead
and replacing P s by its equivalent spin expression, they become
We are now ready to discuss the solutions of the equations of motion for the components of the spin tensor as well as the mass m of the spinning particle, starting from the special cases of geodesic and extremely accelerated motion. Although the FS procedure to construct the frame adapted to U fails in these cases, the corresponding FS frames can be obtained by taking the respective limits κ → 0 and τ 1 → 0 of the general case. 
where the first torsion as well as the electric and magnetic parts of the Weyl tensor are evaluated at ν = ν ± , and the important relation τ 2 1 = E 22 found by explicit calculation has been used. The cases ν = ν + and ν = ν − must be considered separately.
Using Eq. (5.6) in Eq. (5.5) we obtain
where 
(ii) ω 2 g± < 0 (imaginary frequency):
where ω g± = iω g± ; (iii) ω g± = 0: 
where both quantities where c m is the "constant" mass of the particle (5.4). In other words all the components of the spin tensor must be zero, which means that a non-zero spin is incompatible with geodesic motion for a spinning particle in circular motion. The Tulczyjew supplementary conditions (4.16) imply
Consider first the case ω g± = 0. By substituting the solutions given by Eqs. (5.10), (5.11) and (5.14) into Eqs. (5.17), we obtain the following conditions. Either
with c m = m, corresponding to the zero spin case where geodesic motion is of course allowed, or
with c 0 , c 4 arbitrary, implying that the only nonvanishing components of the spin tensor are
Finally consider the remaining case ω g± = 0. By substituting into Eqs. (5.17) the solutions given by Eqs. (5.12) and (5.14), we obtain the following conditions: either
with c m = m, as expected, or
Thus if the center of mass of the test particle is constrained to be a circular geodesic, either the spin tensor is identically zero or the spin vector has a nonzero component S 3 out of the plane of the orbit, having a constant value fixed by the particle mass. 
2)
where the FS curvature as well as the electric and magnetic parts of the Weyl tensor are evaluated at ν = ν (ext) . Eqs. (6.6) and (6.7) are easily solved; the corresponding solutions for S 12 and S 13 follow immediately from Eqs. (6.1) and (6.2). Using Eq. (6.4) in Eq. (6.5) leads to
which can be easily integrated as well. The character of the solutions critically depends on the sign of the following quantities in the allowed regions r + < r < r (geo)+ and r > r (geo)− :
It is easy to show that for every fixed value of the black hole rotation parameter the quantity ω 2 ext2 is always positive in the allowed region, so that the corresponding solution for S 02 will be oscillating everywhere:
S 02 = c 2 cos ω ext2 τ + c 3 sin ω ext2 τ .
(6.10)
Eq. (6.1) then gives
The quantity ω 2 ext1 is positive in the region r + < r < r (geo)+ and negative for r > r (geo)− , and viceversa for ω 2 ext3 . Thus we have (i) r + < r < r (geo)+ : 12) where ω ext3 = iω ext3 .
(ii) r > r (geo)− :
Next impose the standard supplementary conditions. The Pirani conditions (4.15) imply 14) with c 1 = m and c 9 arbitrary. Thus the only nonvanishing components of the spin tensor are given by where (6.19) implying that the only nonvanishing components of the spin tensor are
The same result is obtained if the solution (6.13) valid in the region r > r (geo)− is used instead of (6.12). The value of the arbitrary constant c 4 can be fixed in such a way that S 01 = 0 (c 4 = κm/H 13 ), leading to the same solution as in the Pirani case (6.15).
Thus if the center of mass of the test particle follows an extremely accelerated circular orbit, the spin vector is allowed to have arbitrary constant values of the nonzero components S 2 and S 3 , the latter depending on the particle mass.
7. The general case: ν = ν ± and ν = ν (ext)
Eqs. (4.5) and (4.8) imply that
where c m is an arbitrary integration constant. Using Eq. (4.5) in Eq. (4.10) leads to
Using Eqs. (4.5) and (7.1) in Eq. (4.9) leads to
Then solving these last two equations for d 2 S 01 /dτ
An analogous pair of coupled equations is obtained for the components S 03 and S 23 , taking the τ U derivative of Eq. (4.7) and using Eqs. (4.6) and (4.11), namely
The two pair of equations (7.4) and (7.5) can be easily solved. Then substituting these solutions into Eqs. (4.5) and (4.7), one obtains the corresponding solutions for the remaining components of the spin tensor. The solutions of the equations of motion for the components of the spin tensor and the mass m of the spinning particle are
6)
7)
8)
10)
c m , c 0 , c ± , d ± , h ± , l ± are integration constants and
14)
The character of the solutions will be either exponential or oscillatory depending on whether these quantities are real or imaginary respectively. In constrast with the special cases κ = 0 and τ 1 = 0 previously considered, characterized by a fixed value of the linear velocity, in the general case the dependence on ν must be taken into account.
The Pirani supplementary conditions
The Pirani supplementary conditions (4.15) require
Comparing the first two conditions with Eqs. (7.10) and (7.11) we get
and 17) so that S 12 and the particle mass m are both constant. Eqs. (7.9) and (7.12) imply
Next by substituting these values of the constants c 0 and c m into Eq. (7.9), we obtain
Finally comparing the last of the Pirani conditions Eq. (7.15) with Eq. (7.7) leads to 20) provided that ω + = ω − , implying that both the remaining components S 13 and S 23 are identically zero as well, from Eqs. (7.6) and (7.8) . This case of constant solutions for the components of the spin tensor has been already considered previously [8] .
Consider now the case ω + = ω − ≡ ω, which implies 21) together with the condition
The last of (7.15) is satisfied also by setting ω 2 = −τ 
For small values of the spacetime rotation parameter, the relevant solutions of the above equation are given by
2 ) , (7.25) to first order in a. As expected, in the limiting case of vanishing rotation parameter (Schwarzschild spacetime) the corresponding solutions reduce to whose properties has been already discussed in [9] . Figure 1 shows the behaviour of the linear velocities satisfying the condition (7.24) as functions of the radial coordinate for a fixed value of the ratio a/M . Substituting the last of the Pirani conditions (7.15) into Eq. (7.5) leads to
where τ 1 is evaluated at the allowed values of ν and c, d are integration constants; Eq. (4.6) then gives
finally substituting condition (7.23) into Eq. (7.19) leads to
The spin vector can thus be written as
To first order in the rotation parameter, the first torsion turns out to be given by It is worth noting that in the Schwarzschild case the spin vector does not precess with respect to a frame which is nonrotating at infinity (see [9] ), since τ 1 = Ω U , so that the angular dependence of the varying components S 1 and S 2 is just τ 1 τ = φ, using Eq. (3.6). In the Kerr case instead τ 1 = Ω U leading to τ 1 τ = φ τ 1 /Ω U , causing a net precession with respect to infinity.
Furthermore, it is easy to show that the spin vector is Fermi-Walker transported along U , i.e. The spin invariant (4.14) becomes in this case
The Mathisson-Papapetrou model is valid if the condition |s|/(mM ) ≪ 1 is satisfied. From the previous equation it follows that the sum of the bracketed terms must be small, i.e.
But these conditions cannot be satisfied for any allowed values of the radial coordinate, since the third term of (7.36) is much smaller than 1 only in the case of ultrarelativistic motion, which occurs only as r → r (geo)± , where the orbits approach null geodesics (see Fig. 1 ). Finally, the total 4-momentum P is given by provided that S 12 = 0. The requirement S 13 = 0 implies that the components S 03 and S 23 also vanish, as from Eqs. (7.7) and (7.6). Solving Eq. (4.5) for S 02 , substituting in Eq. (7.44) and using the first equation of (7.4) leads to 0 = −κc m S 01 + (c 0 − E 22 S 12 )S 12 + (κS 01 − τ 1 S 12 ) 2 ; (7.45) substituting then the solutions (7.9) and (7.10) implies that both components S 01 and S 12 are constant, so that S 02 = 0, from Eq. (7.11), and Eq. (7.43) turns out to be identically satisfied. The solutions for S 01 and S 12 can be obtained by substituting Eqs. (7.9) and (7.10) into Eq. (7.44), setting h ± = l ± = 0, solving for the integration constant c 0 and eliminating c m in favor of the mass m through Eq. so that the spin vector must be constant and orthogonal to the plane of the orbit, having S 2 as its only nonvanishing component, and the total 4-momentum P (see Eqs. (2.6) and (2.11)) also lies in the cylinder of the circular orbit P = mU − (κ + ν p τ 1 )S 12 E 2 .
(7.49)
This solution, having constant spin components, was already found and discussed in a previous article [8] .
Conclusions
Spinning test particles in circular motion around a rotating Kerr black hole have been discussed in the framework of the Mathisson-Papapetrou approach supplemented by the usual "intrinsic" Pirani and Tulczyjew supplementary conditions, greatly facilitated by the use of the Frenet-Serret formalism. One sees that the restriction to circular motion as well as the natural choice of Pirani conditions severely limit the solutions of the equations of motion, as already shown by the corresponding analysis already done for the special case of the Schwarzschild black hole. Essentially the only interesting solutions are obtained by locking the spin vector precession to the FrenetSerret rotational velocity of the path, with a spin vector Fermi-Walker transported along an accelerated center of mass world line, but these violate the test particle assumption except for orbits very close to the null geodesic case not far from the black hole horizon. In that case the spin vector must be aligned with the direction of motion from general considerations [7] . The Tulczyjew conditions, instead, have no natural relationship to the Frenet-Serret properties of the particle path and do not admit such specialized solutions, instead producing only solutions where the spin vector is constant and orthogonal to the plane of the orbit. Although these calculations seem rather academic, it is important to flush out the physical content of this only model for the motion of spinning test particles, in view of experiments like GP-B [23] which are already in progress.
